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1 Introduction 

While still working out “Industry 4.0”, there is already mention of “Industry 5.0”. 

Staying ahead of the game in terms of automation and digitalization is the key for a 

thriving business nowadays. Already innumerable steps have been taken in this 

direction by the oil and gas industry, more precisely the drilling industry, but many 

more must be taken. Developing software and hardware capable of drilling and/or 

simulating a drilling operation is an essential step in leading this industry to a new era. 

This design report will illustrate how the student team at the Gubkin University will 

tackle this issue as part of the 2021 Drillbotics ® Group A Competition. 

1.1 Student Biographies 

1.1.1 Timur Berdiev 

 BSc in drilling engineering  

 MSc in drilling engineering 

 Main contribution: torque & drag modelling, hydraulics modelling 

1.1.2 Rostislav Gupalov 

 BSc in pipeline engineering 

 MSc in drilling engineering 

 Main contribution: hydraulics modelling, cuttings bed modelling, wellbore 

propagation model, drilling optimization modelling 

1.1.3 Pavel Iastrebov 

 BSc in reservoir engineering 

 MSc in drilling engineering 

 Main contribution: bit/rock interaction model, rock modelling 
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2 Models overview and framework 

 

Figure 1: Simulator framework, input parameters and limitations 

The overall drilling simulator framework is shown in Figure 1. There will be five basic 

models describing: 

 Hydraulics  

 Drillstring 

 Rock and geomechanics  

 Wellbore propagation  

 Optimization model 

Certain limitations are present, settings the bounds on the trajectory, mud window, 

WOB and TOB, drill string buckling and cuttings transport. 

Five main input parameters categories were included: 

 Bit properties, describing mainly the bit geometry; 

 Drill string properties, describing both the material properties, as well as the 

geometry and the BHA type; 

 Rock properties, such as density, UCS, internal friction coefficient and Poisson’s 

ratio. Cuttings inherit their properties from the parental rock; 

 Mud properties and its rheological parameters; 

 Operational parameters, like WOB, flow rate, TOB or RPM, which could be 

adjusted during the simulation automatically. 

Let us consider the following workflow of the suggested chart. When the model is 

initialized, timing is started. Having the target and well head coordinates given, 

simulator calculates the optimal trajectory to adhere to. Afterwards each of the models 

calculates its output basing on the operational parameters and initial properties of mud, 

rock, bit and drill string. Operational parameters are set by the user, whereas other 

parameters are assumed to be given in advance. All the outputs are loaded in the 
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propagation model, which calculates the next azimuth and inclination angles, as well as 

the ROP and lateral displacement. Having the direction and rates of penetration 

calculated, the actual spatial drill string displacement is calculated. The optimization 

model then calculates the difference between the desired trajectory and the estimated 

one. Whether the error overrides a certain limit, the operational parameters are 

corrected. Afterwards the cycle repeats. 
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3 Well trajectory 

 

Figure 2 – Schematic diagram of a wellbore segment for the minimum-curvature 

method 

In this method, two successive points on the trajectory are assumed to lie 

on a circular arc located in a plane, as shown schematically in Fig.1.1 In other 

words, Points 1, 2, and O in Fig. 8.13 lie on the same plane, and the curvature of 

the segment between Points 1 and 2 is constant. The MD between Points 1 and 2 

is Δs, and the radius of the circular arc connecting the two points is R. The angle 

β is called the DL. 

 

Δ� � �����	
���	 
 �����
������� Δ� � �����	����	 
 ������������� Δ� � �
���	 
 
������� RF � Δ�� ��� �2 

β � 2��
�������� ��� � �	2  
 ����������������� � �	2 � 

(1) 

Where � - dog leg angle, deg; 

 �	,� – inclination angle, deg; 

 �	,� – azimuth angle, deg. 
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4 Drillstring mechanical modeling 

4.1 Torque & Drag (T&D) calculations 

 
Figure 3 – Flow Diagram of Torque and Drag Model 

The most crucial part in drill string mechanical modeling is T&D 

calculations. It is used to simulate Weight on Bit (WOB) and Torque on Bit (TOB) 

values.  

Soft-string model proposed by Johancsik (Johancsik, Friesen, and Dawson 

1984) will be used for T&D calculations. 

 
Figure 4 – Forces acting on drill string element during pickup 

The magnitude of normal force can be calculated by the following formula: 

 �" � #��$∆& ���(̅�� 
 ��$∆( 
 *���(̅��+	/� (2) 

 

Where �" – magnitude of normal force, N; 

 �$ – axial force acting at lower end of element, N; 

 Δ& – increase in azimuth angle over length of element, rad; 

 (̅ – average inclination angle of element, rad; 

 Δ( – increase in inclination angle over length of element, rad; 

 * – buoyed weight of drillstring element, N. 

Tension increment can be calculated by the following formula 

 �$ � *
��(̅ - .�" , (3) 

Where . – sliding friction coefficient between drillstring and wellbore. 

Torsion increment can be calculated by the following formula: 
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 Δ/ � .�"� (4) 

Where Δ/ – increase in torsion over the length of element, Nm; 

 � – radius of drillstring element, m. 

Buckling limit can be calculated by the following formula (Dawson 1984): 

 �01,23" � 2456*7���(�  
(5) 

Where �01,23" – critical sinusoidal buckling limit, H; 

 5 – Young’s modulus, Pa; 

 6 � 89: �;<: � 6<:� – moment of inertia, =:; 

 *7 – unit weight, H; ( – inclination angle, rad; � – radial clearance between pipe and hole, m. 

 �01,>7? � 2√2456*7���(�  
(6) 

 Where �01,>7? – critical helical buckling limit, H. 



 

13 

 

5 Hydraulics calculation 

 

Figure 5 - Flow Diagram of Hydraulics Model 

Hydraulics calculation involves different rheological models, depending on the 

input data, mainly on mud properties. This model is intended to calculate the rheological 

constants automatically basing on the shear stress-shear rate correlations. Another 

important point is the flow regime which is mainly determined by the wellbore 

geometry. Basing on the fluid properties, flowrates and pressure losses, ECD and 

required pump pressure. An account for cuttings bed is also considered, which involves 

taking rock properties as an input. It would be important to say, that the hydraulics are 

calculated for each grid point along the drill string, so that an analytical model is 

required in order to satisfy the computational limits. 

5.1 Frictional pressure drop calculation 
In this section we introduce the equations and relationships for various types of fluids 

(Mitchell, Miska 2011) 

Rheological Model 1: Newtonian Fluids. 

For Newtonian fluids the following set of equations is presented (7): 

 Laminar flow Turbulent flow 

Pipe flow Frictional pressure drop: 
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ABCA� � 2DEF�<  

where ƒ – friction coefficient, 

ρ – mud density, kg/m3 

υ – fluid velocity, m/sec, 

D – pipe diameter, m. 

Reynolds number: GH7 � <EF/. 

where μ – plastic viscosity, cP. D � 16/GH7  

for NRe < 2100 

	KC � �4M�N	O P Q/RS.UO9V 
 	.�9	SH7KC W  

for NRe > 3000 

where k – pipe roughness 

coefficient, m 

Annular flow Frictional pressure drop: ABCA� � 2DEF�AX � AY 

where dw – wellbore diameter, m, 

dp – pipe diameter, m. 

Reynolds number: GH7 � �AX � AY�EF/. 

 

 D � 16/GH7 

for NRe < 2100 

	KC � �4M�N	O P Q/RS.UO9V 
 	.�9	SH7KC W  

for NRe > 3000 
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Rheological Model 2: Bingham Plastic Fluids. 

For Bingham Plastic fluids the following set of equations is presented (8): 

 Pipe flow 

 Frictional pressure drop: ABCA� � 2DEF�<  

Reynolds number: GH7 � <EF/. 

Laminar flow D � 16 Z 1GH7 
 G[76GH7� � G[7:
3DSGH7] ^ 

for GH7 < GH7`a	, where 

G[7 � bOE<�/.Y� – Hedstrom number (τo – Graves-Collins yield 

stress, Pa), GH7`a	 � GH7`a� � 866�1 � &0� 

GH7`a� � G[7 d0.968774 � 1.362439&0 
 0.1600822&0:8&0 h 

&0 � 0,75 j� 2G[724500 
 0,75 � �� 2G[724500 
 0,75�� � 4� G[724500���	/�
2 G[724500 k 

Turbulent flow D � l�GH7�m` 

for GH7 > GH7`a�, where 

For G[7 ≤ 0.75 × 10V, l � 0.20656 ��A q � 0.3780 

For 0.75 × 10V < G[7 ≤ 1.575 × 10V, l � 0.26365 ��A q �0.38931 

For G[7 > 0.75 × 10V, l � 0.20521, q � 0.35579, and G[7 � rstRu
vwu  

 Annular flow 
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 Frictional pressure drop: ABCA� � 2DEF�AX � AY 

Reynolds number: GH7 � �AX � AY�EF/. 

 

Laminar flow 
D � 16 Z 1GH7 
 G[76GH7� � G[7:

3DSGH7] ^ 

for GH7 < GH7`a	, where G[7 � bOE�AX� � AY��/.Y�  GH7`a	 � GH7`a� � 866�1 � &0� 

GH7`a� � G[7 d0.968774 � 1.362439&0 
 0.1600822&0:8&0 h 

&0 � 0,75 j� 2G[724500 
 0,75 � �� 2G[724500 
 0,75�� � 4� G[724500���	/�
2 G[724500 k 

Turbulent flow D � l�GH7�m` 

for GH7 > GH7`a�, where 

For G[7 ≤ 0.75 × 10V, l � 0.20656 ��A q � 0.3780 

For 0.75 × 10V < G[7 ≤ 1.575 × 10V, l � 0.26365 ��A q �0.38931 

For G[7 > 0.75 × 10V, l � 0.20521, q � 0.35579, and G[7 �rst�xyu mxwu�vwu  
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Rheological Model 3: Power Law Fluids. 

For Power Law fluids the following set of equations is presented (9): 

 Laminar flow Turbulent flow 

Pipe flow Frictional pressure drop: ABCA� � 2DEF�<  

Reynolds number: 

GH7 � <"F�m"E8"m	#�3� 
 1�/4�+"z 

where n- power law index, 

K – consistency index, Pa*s.  D � 16/GH7  

for GH7 ≤ 3250 � 1150� 

 

1KD � 4�O,UV log �GH7D	m"� � 0,4�	,� 

for GH7 ≥ 4150 � 1150� 

 

Annular flow Frictional pressure drop: ABCA� � 2DEF�AX � AY 

Reynolds number: 

GH7 � �AX � AY�"F�m"E8"m	#�3� 
 1�/4�+"z 

D � 16/GH7  

for GH7 ≤ 3250 � 1150� 

1KD � 4�O,UV log �GH7D	m"� � 0,4�	,� 

for GH7 ≥ 4150 � 1150� 
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Rheological Model 4: Yield Power Law Fluids. 

For Yield Power Law fluids the following set of equations is presented (10): 

 Laminar flow Turbulent flow 

Pipe flow Frictional pressure drop: ABCA� � 2DEF�<  

Reynolds number: 

GH7�a� � 8EF�b� 
 z�7" 

where b�- yield stress, Pa,  

 �7 – effective shear rate, 1/s. �7=
]�R� 

<7 � 4�3� 
 1 �0< 

�0 � �1 � �� Z 2�����1 
 2���1 
 �� 
 2��1 
 2� 
 1^ 

� � r�ry  

bX � <4 ABCA�  

D � 16/GH7�a�  

For GH7 ≤ 3250 � 1150� 

 1KD � 4�O,UV log �GH7D	m"� � 0,4�	,� 

for GH7 ≥ 4150 � 1150� 

Annular flow Frictional pressure drop: ABCA� � 2DEF�AX � AY 

Reynolds number: 

GH7�a� � 12EF�b� 
 z�7" 

�7=
	��R�  

<7 � 3�2� 
 1 �0�AX � AY� 

�0 � �1 � �� � ��1 
 � 
 1� 

� � r�ry  

bX � �AX � AY�4 ABCA�  

D � 24/GH7  

for GH7 ≤ 3250 � 1150� 

1KD � 4�O,UV log �GH7D	m"� � 0,4�	,� 
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for GH7 ≥ 4150 � 1150� 

 

5.2 Pump pressure calculation 

Pump pressure calculation (Boyun, Gefei 2011): 

 
�Y��Y � ∆�27 
 ∆�xY 
 ∆��>� 
 ∆��3$ 
 ∆��"".�>�
 ∆��"".xY.0�2 
 ∆��"".xY.�> 

(11) 

∆�27 – surface equipment pressure loss (fixed assumed value), Pa, ∆�xY – drill pipe pressure loss (calculated using frictional pressure drop), Pa, ∆��>� – BHA pressure loss (calculated using frictional pressure drop), Pa, ∆��3$ – bit pressure loss, psi (∆��3$ � �u�	,]∗�u  #B��+, where � – flow rate, m3/s, * – mud weight, kg/m3, l – total flow area, m2) ∆��"".�>� – BHA annulus pressure loss (calculated using frictional pressure 

drop), Pa, ∆��"".xY.0�2 – annulus drill pipe pressure loss in cased hole (calculated using 

frictional pressure drop), Pa, ∆��"".xY.�> – annulus drill pipe pressure loss in opened hole (calculated using 

frictional pressure drop), Pa.  

5.3 ECD calculation 

 ECD should be calculated and compared with fracture gradient (Boyun, 

Gefei 2011): 

 5�< � ∆��""N ∗ ��< 
 *, (12) 

Where ∆��"" � annular pressure loss, Pa (calculated using frictional pressure drop), 

TVD – total vertical depth, m, 

W – mud weight, kg/m3. 

 If ECD will be close to fracture gradient (95%) warning will appear, which 

alert user. If ECD will exceed fracture gradient, parameters have to be changed. 

5.4 Cuttings transport model 

 Let �� be the Froude number and �� be the corresponding Reynolds 

number, such that (Martin, Georges et al. 1987): 

 �� � FC�3"<E?.  (13) 

Where 
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FC�3" � minimum average fluid velocity ensuring cuttings recovery, m/s, 

D – inside diameter of tube, m, 

 E? � density of fluid, kg/m3, . � viscosity, cP. 

 
�� � FC�3"

�E2 � E?E? N< 
(14) 

Where E2 � density of particles, kg/m3, N – acceleration of gravity, N=9,81 m/s2. 

 The number z is defined so that: 

 
 z � ��√�� 

(15) 

 z is determined by measurements performed in the laboratory between θ 

= 0° and θ = 90°, within a viscosity range from 1 to 100 mPa*s., where θ – 

inclination angle. 

 Experience has shown that, within the limited E2 range and for a given 

recovery rate in a determined length of time, z depends only on θ and μ. Figure 

6 and Figure 7 give the variations of z versus μ for inclinations of 15 and 45° and 

for different percentages of cuttings recovery (R*). 
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Figure 6 - Values of z vs. viscosity for θ = 15". 
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Figure 7 - Values of z vs. viscosity tor θ=45°. 

 From the practical standpoint, the values of z = f(θ, μ) are included in the 

program for the numerical model. The computing process is diagrammed in 

Figure 3.3. z is determined immediately, and FC�3" is then deduced from the 

equation: 

 FC�3" � Zz��E2 � E?�N.�	/�E? ^�/S
 

(16) 

 After input data is included in model, minimum flow rate is defined. Flow 

rate, which is defined by user should be equal or more than minimum. 
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Figure 8 - Numerical model. Computing process 
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6 Wellbore propagation model 

The model framework is based on Perneder model (2017) and has been 

installed as a part of the simulator for automated drilling and combines the 

effects on directional behavior of bottom hole assembly configuration, hole 

geometry, rock drillability, bit type and operating parameters such as flow rate, 

weight-on-bit and rotary speed. 

 
Figure 9: Structure of borehole propagation model 

The directional drilling model is formulated at an intermediate scale 

corresponding to the bottom part of the BHA, which is equipped with a bit, n stabilizers, 

and a push-the-bit RSS located between the bit and the first stabilizer (Figure 10) 
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Figure 10. (a) Typical rotary drilling system. (b) Model of the BHA. 

At this intermediate scale—typically of order O (10 ∼ 100 m) — the BHA is a 

slender elastic object subject to external forces and constrained by the stabilizers to 

conform with the borehole geometry. The modeled BHA section can be viewed as a 

Euler–Bernoulli beam, with the influence of the drillstring replaced by an assumed 

known force acting above the nth stabilizer, and the complex interaction between the bit 

and the rock subsumed into boundary conditions to the beam equations. 

6.1 Geometry 

l ��������� 
���A����� ����� ��� , ��, ��� �� defined with its origin at the rig and 

axis �� pointing in the direction of gravity (Figure 11). The borehole is a cylindrical-like 

object defined by its central axis B and its varying cross section, which is measured 

indirectly by the tilt of the bit respective to B. Axis B is restricted to a vertical plane. It is 

parametrized by curvilinear coordinate S with 0 ≤ S ≤ L, where S = 0 at the surface and L 

is the increasing length of the borehole. Axis B is defined formally as the trajectory of the 

reference point of the bit (i.e., the trajectory of the point onto which the bit is collapsed) 

and is described in (��, ��, ��) by R(S), a vectorial function of coordinate S, which is 

continuous in S but only piecewise continuously differentiable, as sudden changes in 

orientation may occur.  
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Figure 11. Geometric description of the borehole (a) and BHA (b) 

At a point where R is differentiable, the tangent ���� F�
��� �� �ℎ� ����ℎ�M� �� N�F�� �� 
 �	 � A�A� �17� 

Planar curve B is defined completely by inclination Θ(S) of � , a piecewise 

continuous function of S with Θ(S) ∈ (−π, π] measured with respect to vertical axis �� 

(Figure 11 a). At a point of discontinuity, a left-hand (backward) tangent vector � m and a 

right-hand (forward) tangent vector � ¢ can be defined. Similarly, £m and £¢ designate 

the left-hand and right-hand limits of the borehole inclination. The same notation will 

be used for other discontinuous functions. The local borehole basis (� , �¤, �¥) is defined 

in such a way that �¤ is in the same vertical plane as � , and �¥ � �  × �¤ is horizontal. 

(Axis �¥ is thus orthogonal to the vertical plane containing the borehole trajectory.) 

At the length scale of the model, axis D of the BHA is a small perturbation of 

borehole axis B. It is parameterized by curvilinear coordinate s with origin at the bit, and 

is described by vectorial function r (s; L). Here, length L of the borehole needs to be 

understood as the evolution variable, which enables the tracking of the BHA motion. 

Hence, r is a continuously differentiable function of s (i.e., kinks in the deformed 

configuration of the BHA are not allowed) but is only a piecewise continuously 

differentiable function of L. Tangent unit vector ¦  to D, here defined as ¦ = −dr/ds, thus 

points in the direction of decreasing s; it is itself a small perturbation of borehole tangent 

vector � . Inclination θ (s; L) ∈ (−π, π] of �	expresses the deformed configuration of the 

BHA when the bit is located at S = L. As for (� , �¤, �¥), local BHA basis (¦ , ¦¤, ¦¥) attached 

to the bit is defined in such a way that ¦¤ is in the same vertical plane as ¦ , and ¦¥is 

horizontal (Figure 11.b). Hereafter, a hat is attributed to variables evaluated at the bit — 

e.g., £§  = Θ (L) is the borehole inclination at the bit, (§ = θ (0; L) is the inclination of the bit 

axis, and (¨̂ , ¨̂¤, ¨̂¥)  is the bit basis. The relative orientation of the bit with respect to the 
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borehole is measured by tilt ψ. Under normal drilling conditions, the tilt angle is on the 

order of O (1°). ��M� ��NM� ª �� defined as 

 ª � (§ � Θ¬ (18) 

6.2 Assumptions 
1) The BHA is represented here as a beam of uniform bending stiffness EI and 

uniform distributed buoyant weight w extending from the bit to the last 

stabilizer. 

2) It is assumed that there are no contacts between the BHA and the wellbore other 

than those taking place at the bit, the RSS, and the stabilizers. 

3) The model of the BHA is assumed to be quasi-static, because the directional 

drilling response of the system is assessed over time scales that are at least 2 or 3 

orders of magnitude larger than those characterizing the vibrations of the drilling 

structure. 

4) The n stabilizers, which are numbered from 1 to n starting with the stabilizer 

closest to the bit, are treated as discrete geometrical constraints. They define n 

BHA segments of lengths M	, M�, . . ., M", ­��ℎ B������� �3  �D �ℎ� ��ℎ �����M���� given 

by 

 �3 � ® M̄ ,3
¯°	 � � 1, … , � (19) 

In the following, the notation is conveniently generalized by assigning index i = 

0 to the bit (with MO � �O � 0). A chord �3, i = 1, …, n, is associated with each 

segment of the BHA. It is the straight line linking two successive contact points 

(from �3 to �3m	) with inclination 〈(〉 3 (Figure 10 (b)). Because BHA axis D can be 

viewed as a perturbation of borehole axis B, the same curvilinear coordinate can 

be used as a measure of the arc length for B and D and � ≅ µ � �. This also implies 

that the positions of the stabilizers along borehole axis B are known: �3 � µ � �3, 
i = 0, …, n.  

5) The stabilizers are assumed to be always in contact with the borehole, and the 

BHA to be perfectly centered on the borehole axis at the stabilizers. They are 

treated as point contacts that do not transmit any moments between the BHA 

and the borehole. Furthermore, the reaction force at the stabilizer can be assumed 

to be orthogonal to the borehole because the peripheral velocity of stabilizers 

associated with the drillstring rotation is much larger than the axial velocity 

associated with the bit penetration rate. Hence, the velocity discontinuity at the 

borehole/stabilizer contact is essentially orthogonal to � . The frictional forces at 

a stabilizer thus are fully translated into a frictional torque; in other words, the 

stabilizers can be assumed to slide frictionlessly along the axis of the borehole, a 

consequence of the rotation of the drillstring. 

6) The RSS located at a distance ΛM	 from the bit (0 < Λ < 1) steers it via actuated 

pads that push against the borehole wall. The average reaction from the borehole 

is assumed to be a known transverse force ¶· on the BHA that is locally orthogonal 

to borehole axis �  (Figure 10 (b)). This simplified representation of the action of 
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an RSS is actually applicable only to a certain class of push-the-bit systems with 

rotating pads that alternatively retract and extend. With such systems, the 

averaging of the actuation over several revolutions of the BHA results in a known 

RSS force ¶· on the BHA, imposed by an on-board control system. Modeling of 

other steering systems is possible, but they require additional considerations 

7) Although the model is defined formally to include all the stabilizers on the BHA, 

propagation of the borehole is affected predominantly by the positions along the 

BHA of the stabilizers closest to the bit. Indeed, the first three stabilizers and the 

RSS mainly control the steering of the bit. The diminishing influence of additional 

stabilizers derives from the nature of the equations governing the deformation 

of the BHA. This also implies that it is appropriate to “cut” the BHA above the 

last stabilizer (or with good accuracy above the third stabilizer) and replace the 

rest of the drillstring by forces and moments, which themselves are supposed to 

be unaffected by the steering of the bit. 

6.3 Components of the model 
Formulation of a mathematical model for directional drilling relies on three 

components: (a) a bit/rock interaction law that relates the force and moment acting on 

the bit to its penetration into the rock formation, (b) kinematic relationships that define 

the local borehole geometry from the bit motion, and (c) a model for the BHA that 

expresses the force and the moment at the bit not only from the loads applied on the 

BHA but also from the constraints imposed on its deflection by the borehole geometry. 

6.3.1 Kinematic relationships 

 Penetrations per revolutio� ∶ ¹ –  B���������� F�
���, » –  ��N�M�� B���������� F�
���. 
 ¹ � 2¼½¾ , » � 2¼¿¾  (20) 

­ℎ��� ½ –  F�M�
��� F�
��� ��� �ℎ� BM��� �¦ , ¦¤��, 
rotation vector is decomposed into spin vector ω orthogonal to bit axis and angular 

velocity vector Ω aligned with bit axis.  

In bit basis (¨ À , ¨¤À , ¨¥À �, these variables reduce to axial penetration A	, lateral 

penetration A	, and angular penetration �S. They are represented conveniently by vector 

P = {A	, A�, �S}T.  � –  ��M���F� ����������� �D B���������� F�
��� ¹ ­��ℎ ���B�
� �� ��� ���� ¨ À  �Figure 12
). 
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Figure 12 (a) Generalized forces Å¶,¬ Æ¬ , Ç¬Èand kinematics {υ, ω, Ω} of the bit. (Torque Ç¬ 

and angular velocity vector Ω are aligned with bit axis ¨ À , while moment Æ¬  and spin 

vector ω are orthogonal to ¨ À .) (b) Definition of penetration angle β of the bit, measured 

in the vertical plane (¨ À , ¨¤À ). 

Penetration P characterizes the propagation of the moving surface of 

interaction between the bit and the rock over one revolution. Thus, penetration 

vector d is the incremental lengthening of borehole axis B over a revolution — d 

= δ�¬  with �¬  = R(L) denoting the position of the bit in reference basis (ÉÊ, ÉË, ÉÌ). 

Operator δ expresses the incremental change of a variable over a revolution of 

the bit. Vector d is thus tangent to the borehole axis (d = d�	¬ ), with its magnitude 

d representing the incremental increase of the borehole length over a revolution 

(d = δL) and 

 Í � A ddµ (21) 

Similarly, angular penetration vector φ measures the rate of change of bit axis ¨̂  over a 

revolution (» � ¨̂  × Í¨̂ �. 
 � 
 ª � 0 (22) 

The projection of » � ¨̂  × Í¨̂  on the bit basis yields 

 �S � Í(§ ≅ A	 d(§dµ (23) 

Strictly speaking, A � A	K1 
 �� instead of A	 should have been used in the 

above expression; however, as � ≪ 1, no distinction is made between d and A	. 

6.3.2 Bit/rock interaction 

We seek to determine the bit/rock interface laws, the relation- ships between the forces 

and moments acting on the bit and the conjugated kinematic quantities by reducing the 

bit to a point. These laws encapsulate information about the cutter geometry the 

cutter/rock interaction, and the spatial disposition of the cutters on the bit. The point to 
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which the bit collapses is called the reference point. Its trajectory defines the axis of the 

borehole. 

 

 

Figure 13: Bit kinematics and generalized forces 

The kinematics of the bit is characterized by a velocity vector Ð, a spin vector ¿, and an 

angular velocity vector Ñ acting at the reference point of the bit (Figure 13). The angular 

velocity vector Ñ describes the rotation of the bit around its axis of symmetry denoted as ¦ ; thus, Ñ � ¾¦ . The spin vector ¿ is the angular velocity of the bit axis of symmetry ¦   

and is orthogonal to ¦ . 

Similarly, the forces acting on the bit are reduced to the force ¶, the moment Æ, and the 

torque Ç applied at the reference point. The torque Ç is aligned with the bit axis of 

symmetry while the moment Æ is orthogonal to this axis. 

6.3.2.1 Assumptions 

Assumption 1. The time scale of the processes involved when considering the directional 

response of the bit and drillstring is much larger than the period of revolution. Thus, it 

is permissible to average the interface laws over one revolution. Therefore, the forces on 

the bit Ò¶, Æ, ÇÓ and the conjugated kinematic quantities ÒÐ, ¿, ÑÓ can be averaged over 

at least one revolution for the purpose of constructing interface laws that capture the 

directional tendency of the bit. 

Assumption 2. The bit/rock interaction laws are rate-independent. 

Assumption 3. While the assessment of the parameters of the interface laws requires 

treating the bit as a finite solid object, the global relationship between the forces and 

penetrations assumes the bit to be reduced to a point. 

6.3.2.2 Bit kinematics 

Let ÔÉÊ, ÉË, ÉÌÕ denote a fixed orthonormal coordinate basis, with its origin located at 

the rig and the ÉÌ-axis oriented in the same direction as gravity (Figure 14). 
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Figure 14: Definition of the bit trajectory 

This planar curve ℬ is described in the fixed coordinate system by ����, a vectorial 

function of the curvilinear coordinate � running along the borehole. At the rig, � � 0 and 0 ≤ � ≤ µ with µ being the length of the borehole. At a given point of ℬ, the tangent unit 

vector to the borehole, �, is defined in terms of the vectorial function ���� as 

 � � A�A� (24) 

The borehole inclination, denoted as £, is measured between ÉÌ and � (Figure 14). 

The bit basis �¦ , ¦¤, ¦¥� is chosen in such a way that the i1-axis coincides with the bit axis 

of symmetry while pointing ahead of the bit. The axis ¦¥  is parallel to ÉË  and points in 

the same direction (Fig. 2). The origin of this system of coordinates is located at the 

reference point of the bit. In the plane �ÉÊ, ÉÌ� the absolute inclination ( of the bit is 

measured counterclockwise between ÉÌ and ¦ , while the bit tilt ª characterizes the 

relative angle between � and ¦ . Thus 

 ( � £ 
 ª (25) 

For a general 3D trajectory of the bit, the kinematic quantities that enter the interface 

laws are the B���������� F�
��� ¹ ��A �ℎ� ��N�M�� B���������� F�
��� » N�F�� �� 

 ¹ � 2¼Ð¾ , » � 2¼¿¾  (26) 

The angular penetration vector » is contained in the plane�¦¤, ¦¥� orthogonal to the bit 

axis. The decomposition of ¹ and » in the bit basis yields five scalar quantities that are 

referred to as the penetration variables: A	, A�, AS, ��, and �S (Figure 15). 
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Figure 15: Penetration variables for a planar trajectory 

6.3.2.3 Relationship between penetration and trajectory 

The penetration variables are related to the bit trajectory, parametrized by ����. To 

establish this relationship, let us first define the operator Í�∙� as the variation of a 

quantity over one revolution of the bit: 

 Í � ØØb � 2¼¾ ØØb (27) 

With this definition, the penetration A (the norm of the penetration vector ¹) is the 

incremental increase of the length µ of the borehole (measured along the trajectory of the 

bit reference point) over one revolution; hence 

 A � Íµ (28) 

Furthermore, since the velocity of the bit reference point Is always tangent to the 

borehole axis ℬ, �ℎ� B���������� F�
��� ¹ 
�� �� ��B�����A �� 

 ¹ � A� � A dγdS (29) 

Consequently, �ℎ� ��� ��M� ª, A�D���A as the inclination of the bit on the axis of the 

borehole, can be expressed in terms of the penetration variables 

 ª � ���
��� ÛA�A	Ü (30) 

Finally, the angular penetration �S  represents the change of absolute inclination of the 

bit over one revolution and 

 �S � Í( � Í£ 
 Íª (31) 

6.3.2.4 Equivalent blade �ℎ� ��� 
�����N B��D�M� Ý �� A�D���A as the surface of revolution outlined by the cutter 

edges, as the bit is rotated by at least one revolution with its reference point and its axis 

of symmetry fixed. The two-dimensional curve Þ, which generates by rotation of the 
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surface Ý, is thus the envelope of the intersection of the cutter edges with a fixed plane 

containing the axis of rotation ¦  (Figure 16). 

 

Figure 16: Definition of the equivalent blade. 

The geometry of the cutting edge Þ is naturally represented in the basis  �¦ß, ¦Ì� by the 

parametrization à�E� � Ô�̃�E�, �̃�E�Õ with 0 ≤ E ≤ M , where E is the curvilinear coordinate 

along the cutting edge Þ with origin at the reference point of the bit and M is the length of 

the blade (Figure 16). The external normal â to the equivalent blade is given by 

 â � A�̃AE ¦ß � A�̃AE ¦Ì (32) 

6.3.2.5 Local blade penetration �� A����=��� �ℎ� M�
�M B���������� B�E, ã��D �ℎ� �M�A� ���� �ℎ� ��
ä during one 

revolution given the global penetration vectors ¹ and », two ‘‘successive’’ instances of 

the cutting profile separated by one revolution, Ý and Ý’, are considered. The surface Ý’ 

is defined in relation to Ý via a translation of Ý by the penetration vector ¹ and a rotation 

according to the angular penetration vector » (Figure 17). 
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Figure 17: Illustration of two successive instances of the surface Ý and of the volume 

of rock Íå1 removed by the bit during a revolution 

The incremental displacement Íæ�E, ã�can readily be computed given the global bit 

penetration ¹ and » and the cylindrical coordinates of �; indeed 

 Íæ � �A	 � �̃�S cos ã�¦  
 �A� � �̃�S�¦¤ (33) 

The incremental normal displacement of point � on the cutting edge is then given by 

 Í�" � Íæ ∙ â (34) 

A necessary condition for Í�"�E, ã� to be interpreted as the local penetration (or depth 

of cut) B of a point on the cutting edge is that this quantity is positive. Thus 

 B � é  Í�" �D Í�" > 00 �D Í�" ≤ 0 (35) 

����MM�, �ℎ� F�M�=� �D ��
ä |Íå1| ��=�F�A �F�� ��� ��F�M����� of the bit is given by 

 
|Íå1| � ë �̃�E�?

O ë B�E, ã�dãdE�8
O  

 

(36) 

which is obviously not the same as the volume |Íå| of the space between the two surfaces Ý and Ý 

 
|Íå| � ë �̃�E�?

O ë |Í�"�E, ã�|dãdE�8
O  

 

(37) 
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6.3.2.6 Bit/rock interaction law 

Once the penetration p is known on the cutting profile, the incremental forces D"�E, ã�dE, Dì�E, ã�dE given by the single cutter laws can be integrated and averaged over a 

revolution. 

The bit/rock interaction laws can be written as 

 

⎣⎢
⎢⎢
⎢⎡ �	/ð����/ð���S/ð��/�/ð��/S/ð��⎦⎥

⎥⎥
⎥⎤ � �

⎣⎢
⎢⎢⎢
⎡ôC� õð0000 ⎦⎥

⎥⎥⎥
⎤

�

⎣⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎡
öC 0 0
0 12 ö÷ø ùú	 � 12 ö÷ø ù�ú�
0 12 ö÷øøùú	 � 14 öC � 12 ö÷øøù�ú�
0 12 ö÷øøù�ú� � 23 ö÷øøùSúS
0 � 12 ö÷ø ù�ú� 16 öC 
 23 ö÷ø ùSúS ⎦⎥

⎥⎥
⎥⎥
⎥⎥
⎥⎤

ûA	/�A�/��S
ü 

 

(38) 

Where ù � �/� is the slenderness of the bit and ú	, ú�, úS are in general functions of the 

ratio ª/ª∗and depend on the gauge/rock interaction surface configuration (Figure 18). 

The parameters of this model are: the intrinsic specific energy of drilling ð; the maximum 

contact pressure on the interface wearflat/rock õ; a coefficient of friction ., and three 

interaction numbers ö, öø  and öøø  , which essentially depend on the inclination of the 

wearflat and of the cutting faces on the cutter velocity. 
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Figure 18: Penetration of the bit gauge in the four interaction configurations of the 

gauge for the case �S > 0 C1: the outer side of gauge penetrates the rock; C2: both 

sides of the gauge are in partial contact with the rock; C3: the inner side of the gauge 

is in partial contact with the rock; C4: the inner side of the gauge penetrates the rock. 

6.3.3 BHA model 

The BHA can realistically be modeled as a linear Euler– Bernoulli beam under 

most conditions: 

 
56 dS(d�S � ­ sin〈Θ〉	 

 

(39) 

Where 

56  – stiffness, G ∙ =�, 

〈Θ〉	 – inclination of C1 (chord, which connects the current position of the bit, R(L), to 

the current position of the first stabilizer, R ( �	)). 

 Bending moment: 
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/S � �56 d(d� 

 

(40) 

 Shear force:  

 �� � �56 d�(d��  (41) 

Axial force F1 is deduced trivially by integrating the axial force equilibrium 

equation 

 �	ø � ­ cos〈Θ〉	 (42) 

given the assumed known axial force at the last stabilizer, �	|2°2þ 

 Integrating beam equation: 

 56(��� � lO 
 l	� 
 l��� 
 16 ­ sin〈Θ〉	 �S (43) 

Coefficients l3 can be computed by enforcing the boundary conditions at the bit 

and at the last stabilizer. Because the lower boundary conditions of the BHA reflect the 

bit/rock interaction, the deformation of the BHA cannot be solved independently from 

the interface law. Instead, the beam equation is formulated in terms of the a priori 

unknown orientation of the bit (§. 

Once the deformed configuration of the BHA has been computed as a function 

of (§, moment /¬S and lateral force �§� at the bit can be computed: 

 
�§��∗ � ℱ�Ô(§ � 〈Θ〉	Õ 
 ® ℱ3�〈Θ〉3 � 〈Θ〉3¢	�"m	

3°	 
 ℱX sin〈Θ〉	 ­M	�∗ 
 ℱ1 ����∗  (44) 

 
/¬S�∗M	 � ℳ�Ô(§ � 〈Θ〉	Õ 
 ® ℳ3�〈Θ〉3 � 〈Θ〉3¢	�"m	

3°	 
 ℳX sin〈Θ〉	 ­M	�∗ 
 ℳ1 ����∗  (45) 

 

Coefficients ℱ and ℳ representing numbers that only depend on the geometry 

of the BHA—i.e., on the positions of the RSS and stabilizers. 

1-stabilizer BHA: 

 

ℱ� � �1 

ℱX � 58 

ℱ1 � � 2 � 3Λ� 
 ΛS2  

ℳ� � 1 

ℳX � � 18 

ℳ1 � � Λ�2 � 3Λ� 
 ΛS�2  

(46) 
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2-stabilizer BHA: 

 

ℱ� � � 6 
 4��3 
 4�� 

ℱX � 6 
 10�� � 3��S12 
 16��  

ℱ1 � �3 � 4�� 
 Λ��9 
 6��� � 2ΛS�3 
 ���3 
 4��  

ℱ	 � 63 
 4�� 

ℳ� � 4�1 
 ���3 
 4��  

ℳX � �1 � 2�� 
 ��S12 
 16��  

ℳ1 � � Λ�1 � Λ�#3 
 4�� � Λ�3 
 2���+3 
 4��  

ℳ	 � 63 
 4�� 

(47) 

3-stabilizer BHA: 

 

ℱ� � � 6�S 
 �6 
 4�S��� 
 3���3�S 
 �3 
 4�S��� 
 3��� 

ℱX � 12�S 
 �12 
 20�S 
 3�SS��� 
 15��� � 6�S��S � 3��:8#3�S 
 �3 
 4�S��� 
 3���+  

ℱ1 � �1 � Λ��6��1 � Λ 
 2Λ���S
 2Ô�3 � 4�S � Λ�3 
 4�S� 
 2Λ��3 
 �S�Õ��
 3��2 � 2Λ 
 Λ������/#6�S 
 �6 
 8�S��� 
 6���+ 
ℱ	 � 6��� 
 �S�3�S 
 �3 
 4�S��� 
 3��� 

ℱ� � � 3��3�S 
 �3 
 4�S��� 
 3��� 

ℳ� � 4�S 
 4�1 
 �S��� 
 3���3�S 
 �3 
 4�S��� 
 3��� 

ℳX � �2�S � #2 
 4�S 
 �SS+�� � 3��� 
 2�S��S 
 ��:8#3�S 
 �3 
 4�S��� 
 3���+  

ℳ1 � �Λ�1 � Λ�#�6�1 � Λ��S � 3�2 � Λ����� �6 
 8�S � ��6 
 4�S�Λ���+/#6�S 
 �6 
 8�S��� 
 6���+ 
ℳ	 � � 2��� 
 �S�3�S 
 �3 
 4�S��� 
 3��� 

ℳ� � ��3�S 
 �3 
 4�S��� 
 3��� 

(48) 
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Where 

�3 � M3/M	, i=1…n, 

0 < Λ < 1, 

ΛM1 – position of RSS between bit and the first stabilizer. 

Characteristic force: 

 �∗=356M12 (49) 

It can be interpreted simply as the reaction force induced at the end of a simply 

supported beam of length M	 and stiffness 56 in response to a unit inclination angle 

imposed at that end. 

6.4 Borehole evolution 

6.4.1 Scaling 

M1 is adopted as the reference length, and �∗ as the reference force. The scaling for 

RSS force ��, active weight *�=−�1+�1 and weight per unit length w leads to the 

following definitions of Γ, Π, and Υ: 

 Γ � ���∗ , Π � � �§	 
 �	�∗ , Υ � ­M	�∗  (50) 

The dimensionless group �Π is, in fact, central to the formulation of the model. 

Defined as 

 �Π � � �Ô�§	 
 �	ÕM	�356  (51) 

Parameter �Π can be viewed as contrasting the resistance of the rock with the 

stiffness of the BHA when the bit is tilted. 

Small parameter 
 contrasts the dimension of the bit with the length of the first 

BHA segment, as it is approximately proportional to ��/M	��. 

 
 � �
�

 (52) 

 Dimensionless length of the borehole: 

 à=µM1 (53) 

6.4.2 Evolution equations 

 �Π�( � Θ� � ℱ��( � 〈Θ〉	� 
 ® ℱ3�〈Θ〉3 � 〈Θ〉3¢	�"m	
3°	 
 ℱXΥ sin〈Θ〉	 
 ℱ1Γ (54) 

 �
�Π(′ � ℳ��( � 〈Θ〉	� 
 ® ℳ3�〈Θ〉3 � 〈Θ〉3¢	�"m	
3°	 
 ℳXΥ sin〈Θ〉	 
 ℳ1Γ (55) 

where differentiation with respect to ξ is denoted by a prime. 
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These two equations can be combined readily into a functional differential 

equation for borehole inclination Θ(ξ). 

 

�ΠΘø�à� � �ℳ��Θ�à� � 〈Θ〉	� 
 ® �3��Π��〈Θ〉3 � 〈Θ〉3¢	�"m	

3°	
 ����Π�Υ sin〈Θ〉	 
 ����Π�Γ�à� � 
ℱ1Γø�à�
 
ℋ�Θ�à�, 〈Θ〉	� 
 
��Θ�à�, … , Θ�à � ô"�, 〈Θ〉	� 

(56) 

Coefficients ����Π�, ����Π� and �3��Π� are given 

 

�� � ℱ�ℳX � ℱXℳ� � ℳX�Π
�Π

 

�� � ℱ�ℳ1 � ℱ1ℳ� � ℳ1�Π
�Π

 

�3 � ℱ�ℳ3 � ℱ3ℳ� � ℳ3�Π
�Π

 

(57) 

while the two functionals ��Θ�à � 1�, … , Θ�à � ô"�, 〈Θ〉	� and ℋ�Θ�à�, 〈Θ〉	� are defined 

as 

 

� � �ℱ�Θ�à � 1� 
 ℱXΥΘ�à � 1� cos〈Θ〉	
� ® ℱ3�ô3m	ÔΘ�à3m	� � Θ�à3�Õ � ô3¢	m	 ÔΘ�à3� � Θ�à3¢	�Õ�"m	

3°	  

ℋ � ℱ�Θ�à� � ℱXΥΘ�à� cos〈Θ〉	 

(58) 

Where 

 àO � à and à�=à−�=1�ô� denoting the position of the ith stabilizer.  

Θ�à3� - the inclination of the borehole at the ith stabilizer; 

〈Θ〉3 - the averaged inclination of the ith segment of BHA. 

〈Θ〉3 is defined as 

 〈Θ〉3  � 1ô3 ë Θ����

��

dζ (59) 

After simplification (
 is small, all terms with it except ones containing Θ′ and Γø 
are dropped), differentiation of first evolution equation and approximating cos〈Θ〉	 as cos Θ retarded delay differential equation is obtained: 

 


�ΠΘøø�à� � �ℳ�Θø��� 
 Ôℳ� 
 ����Π�Υ cos Θ �à�Õ#Θ�à� � Θ�à	�+

 ® �3��Π��ô3m	ÔΘ�à3m	� � Θ�à3�Õ"m	

3°	� ô3¢	m	 ÔΘ�à3� � Θ�à3¢	�Õ� 
 ����Π�Γ′�à� � 
ℱ1Γø′�à� 

(60) 

Bit inclination ( then can be calculated onceΘ�à� has been computed. 

A discontinuity in borehole inclination Θ is induced by a step change in the 

magnitude of RSS force Γ; this jump is given by 

 #Θ+ � � �1
�Π

#Γ+ (61) 
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Where 

#Γ+– the change in RSS force. 

For example, a stabilizer passing through a kink in the borehole trajectory 

induces a discontinuity in the borehole curvature at the bit. Similarly, a sudden change 

in active weight #Π+ produces a local jump in tilt, which results in a discontinuity in the 

borehole inclination given by 

 #Θ+ � �( � Θm� #Π+
Π¢  (62) 

6.5 Three length scales 

Solutions (60) show evidence of three distinct length scales in the borehole 

evolution, following the application of a step RSS force Γ�à� � ΓO��à�. Thus, the 

response can be partitioned into short- (à ≪ 1), medium- (à~1), and long-range (à ≫ 1) 

stages.  

6.5.1 Short-range response: Fast variable ζ 

 The borehole and BHA initially are vertical. Then, at ξ = 0, a constant RSS force 

Γ is imposed suddenly while active weight Π is kept constant 

Let ö � à/ð2 be a stretched coordinate, where ð2 � 
�Π/ℳ� is a measure of the 

thickness of the boundary layer. In terms of coordinate ö, (55) and (60) can be rewritten 

inside the boundary layer as 

 
dΘ�dö 
 Θ� � Þ�, d(  dö 
 ( � Þ! (63) 

With 

 Þ� � 〈Θ〉	 
 1
ℳ� û��Υ sin〈Θ〉	 
 ® �3�〈Θ〉3 � 〈Θ〉3¢	�"m	

3°	 
 ��ΓO��ö�ü (64) 

 Þ! � 〈Θ〉	 � 1
ℳ� ûℳXΥ sin〈Θ〉	 
 ® ℳ3�〈Θ〉3 � 〈Θ〉3¢	�"m	

3°	 
 ℳ�ΓO��ö�ü (65) 

where Θ��"� � Θ�ð2"� and ( �"� � (�ð2"�. The term Гø � ГOÍ�à� in (60) has been subsumed 

into an initial discontinuity ΘO � �ℱ1ΓO/�Π  in the borehole inclination— i.e., Θ��0� � ΘO. 

6.5.2 Medium-range response  

Medium-range response is described above in “Evolution equations”. 

6.5.3 Long-range response: Slow variable Ξ. 

Neither RSS force Γ changes—e.g., Γ(ξ) = Γ0H(ξ)— nor does active weight Π. 

Thus, coefficients ��, �� and �3 , � � 1, … , � � 1 are constant.  

The slow spatial coordinate Ξ � ð?à is introduced now, where ð? � 2АгГO. It is 

noted that  
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 Θ � 〈Θ〉	 ≅ ð?2 Θ'′�Ξ�, 〈Θ〉3 � 〈Θ〉3¢	 ≅ ð?2 �ô3 
 ô3¢	�Θ'′�Ξ� (66) 

 

where Θ' � Θ�Ξ/ð?�, Ξ �  ð?à? and the prime again denotes differentiation with respect to 

the argument (Ξ). 

Then, after simplification can be presented as  

 

�Θ'�Ξ� � 1 
 Þ sin Θ'�Ξ� 

� � 2
�Π 
 ℳ� � ® �3
"m	
3°	 �ô3 
 ô3¢	� 

Þ � ��Υ
��ΓO 

(67) 

6.6 Inputs and outputs 
Inputs:  

WOB = �Ô�§	 
 �	Õ – weight on bit 

�O,  �	, �� – coefficients of bit/rock interaction 

EI – bending stiffness 

w – weight per unit length 

M3 – distance between bit and the ith stabilizer, i=1…n 

ΛM	 – distance between bit and RSS  

�� – RSS force 

 

Outputs: 

F = {�	, ��, /S}T – generalized force vector 

P = {A	, A�, �S}T – penetration vector 

Θ – inclination of the borehole tangent vector  

6.7 Drilling path optimization 
If the planned path is defined with multiple points, the deviation can be 

calculated by finding the distance between the bit position and the points and taking the 

minimum as follows: 

 &�G� � min �#‖G � B	‖, ‖G � B�‖ …‖G � B"‖+ (68) 

 

where &�G�  �  A�F������ D��= �ℎ� BM����A B��ℎ, * –  ��� B������� B���� �G� , G�� 
(wellhead – origin of coordinates),  B	, B� … B" –  B����� A�D����N BM����A B��ℎ 

�B	� , B	��…�B"�, B"��.  
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Once the deviation of the well path from the planned path is calculated, it is 

necessary to assign a quantitative value to the deviation to evaluate the proximity 

performance of the well path. This can be achieved by assuming that hydrocarbon 

production (and associated revenue) will be higher if the planned path is followed 

perfectly and will fall off as the well path deviates from the planned path. This 

relationship is assumed to be a normal distribution and the deviation factor can be 

calculated as follows: 

 ��G� � 1√2¼õ� �m�+�,�mv�u�-u  (69) 

where � –  B����=��� D��
����, õ –  ����A��A A�F������, . –  =��� �D �ℎ� A�����������. 

 Proximity cost function is calculated as follows: 

 .	�G� � 
	��G�µ (70) 

where 
	 �� � 
������� �ℎ�� ��B������� �ℎ� ����M B��A�
��A ��F���� B�� D���, and µ is 

the measured depth of the section. 

The second cost considered is the tortuosity cost, which is generally much harder 

to quantify. The increase in tortuosity is assumed to negatively impact the overall value 

of the well as it can contribute to drilling dysfunction by exciting harmful vibrations 

during drilling and can lead to "knock-on" difficulties with completions and production. 

The tortuosity index can be calculated as follows (D'Angelo et al. 2018): 

 �6�G� � �� 
 1 1µ0 ® µ023µ123 � 1"
Q°	  (71) 

­ℎ���  �6 �� �ℎ� ���������� ��A��, µ023 is the total measured distance of the interval, µ123 
is the shortest distance between the limits of the interval, µ0 is the total length of the well 

and n is the number of intervals. The cost function can then be formulated by 

multiplying the increase in tortuosity by a fixed constant as follows: 

 .��G� � 
���6�G3� � �6ÔGCÕ� (72) 

where .� is the tortuosity cost function, G3is the initial position, GC is the final position, 

and 
� is a constant representing the total value loss per increase in tortuosity.  

The overall fitness of the well path can be calculated by adding the above defined 

cost functions together. The cost function will be calculated during borehole evolution, 

chasing the main purpose of optimization lowering of cost function. Basing on analysis 

of cost function behavior, optimal drilling parameters will be selected (Pehlivanturk et 

al. 2019). 
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7 Rock Model 

 

Figure 19 - Flow Diagram of Rock Model  

The rock model gives two main outputs: the geomechanical model and the 

mud window. Geomechanical model includes the principal stresses values along 

the wellbore path, as well as the pore pressures. The UCS could be initialized by 

the user or calculated from density log basing on one of numerous existing 

correlations for different rock types. The geomechanical model is used further for 

MSE calculation in the wellbore propagation model. Another output is the mud 

window, which is calculated from the geomechanical model and previous 

inclination and azimuth angles. It is important to mention that the fracture 

gradient, as well as the breakout gradient are dependent on the spatial wellbore 

orientation. The conventional approach of gradients calculation involving 

multiple iterations is computationally costly, so that an analytical solution was 

derived to allow the simulation to run in real time. 
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8 Nomenclature 

8.1 Well Trajectory 

� - dog leg angle, deg; 

 �	,� – inclination angle, deg; 

 �	,� – azimuth angle, deg; 

8.2 Torque and Drag 

�" – magnitude of normal force, N; 

 �$ – axial force acting at lower end of element, N; 

 Δ& – increase in azimuth angle over length of element, rad; 

 (̅ – average inclination angle of element, rad; 

 Δ( – increase in inclination angle over length of element, rad; 

 * – buoyed weight of drillstring element, N. . – sliding friction coefficient between drillstring and wellbore. Δ/ – increase in torsion over the length of element, Nm; 

 � – radius of drillstring element, m. �01,23" – critical sinusoidal buckling limit, H; 

 5 – Young’s modulus, Pa; 

 6 � 89: �;<: � 6<:� – moment of inertia, =:; 

 *7 – unit weight, H; ( – inclination angle, rad; � – radial clearance between pipe and hole, m; �01,>7? – critical helical buckling limit, H; 

8.3 Hydraulics 

D – friction coefficient; E – mud density, kg/m3; F – fluid velocity, m/sec; < – pipe diameter, m; . – plastic viscosity, cP; 

k – pipe roughness coefficient, m; 

dw – wellbore diameter, m; 

dp – pipe diameter, m; GH7 – Reynolds number; G[7 – Hedstrom number; bO – Graves-Collins yield stress, Pa; ∆�27 – surface equipment pressure loss (fixed assumed value), Pa, ∆�xY – drill pipe pressure loss, Pa, ∆��>� – BHA pressure loss (calculated using frictional pressure drop), Pa; 
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∆��3$ – bit pressure loss, Pa; � – flow rate, m3/s; * – mud weight, kg/m3; l – total flow area, m2; ∆��"".�>� – BHA annulus pressre loss, Pa; ∆��"".xY.0�2 – annulus drill pipe pressure loss in cased hole; ∆��"".xY.0�2 – annulus drill pipe pressure loss in cased hole (calculated 

using frictional pressure drop), Pa; ∆��"".xY.�> – annulus drill pipe pressure loss in opened hole (calculated 

using frictional pressure drop), Pa; ∆��"" � annular pressure loss, Pa; 

TVD – total vertical depth, m; 

W – mud weight, kg/m3; FC�3" � minimum average fluid velocity ensuring cuttings recovery, m/s; 

D – inside diameter of tube, m; E? � density of fluid, kg/m3; . � viscosity, cP; E2 � density of particles, kg/m3; N – acceleration of gravity, N=9,81 m/s2; z – K-number; �� – Froude number; �� –Reynolds number; 

8.4 Borehole propagation 

Ô��, �� , ��Õ - cartesian coordinate basis; �	 – unit vector to the botrehole; ú – tilt angle; �3 – position of the ith stabilizer; ( - absolute inclination of the bit ù � �/� is the slenderness of the bit; ú	, ú�, úS are in general functions of the ratio ª/ª∗; ö, öø  and öøø  - interaction numbers; 56  – stiffness, G ∙ =�, 〈Θ〉	 – inclination of C1 (chord, which connects the current position of the 

bit, R(L), to the current position of the first stabilizer, R ( �	)). /S - bending moment; �� - Shear force; 

F1 - axial force; 

ℱ and ℳ representing numbers that only depend on the geometry of the 

BHA 

ΛM1 – position of RSS between bit and the first stabilizer; �∗ - characteristic force; 
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M1 - adopted as the reference length; 


 - mall parameter contrasts the dimension of the bit with the length of 

the first BHA segment; 

à - dimensionless length of the borehole: 

à� – the position of the ith stabilizer; 

Θ�à3� - the inclination of the borehole at the ith stabilizer; 〈Θ〉3  - the averaged inclination of the ith segment of BHA; 

WOB = weight on bit; 

�O,  �	, �� – coefficients of bit/rock interaction; 

EI – bending stiffness; 

w – weight per unit length; 

M3 – distance between bit and the ith stabilizer; 

ΛM	 – distance between bit and RSS; 

�� – RSS force; 

F = {�	, ��, /S}T – generalized force vector; 

P = {A	, A�, �S}T – penetration vector; 

Θ – inclination of the borehole tangent vector  

&�G� - deviation from the planned path 

* –  ��� B������� B���� 

 B	, B� … B" –  B����� A�D����N BM����A B��ℎ 

� –  B����=��� D��
���� 

õ –  ����A��A A�F������ 

 . –  =��� �D �ℎ� A����������� 


	 �  
������� �ℎ�� ��B������� �ℎ� ����M B��A�
��A ��F���� B�� D��� 

µ - the measured depth of the section 

�6 �  �ℎ� ���������� ��A�� 

µ023 - the total measured distance of the interval 

 µ123 - the shortest distance between the limits of the interval 

 µ0 -  the total length of the well and n is the number of intervals 

.�  - the tortuosity cost function 

G3 - the initial position  
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GC  - the final position 


� - a constant representing the total value loss per increase in tortuosity.  
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